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Abstract. We say that an algebraic group G over a field is anti- 
affine if every regular function on G is constant. Wc obtain a 
classification of these groups, with applications to the structure of 
algebraic groups in positive characteristics, and to the construction 
of many counterexamples to Hilbert's fourteenth problem. 



0. Introduction 

We say that a group scheme G of finite type over a field k is anti- 
affine if 0{G) = k; then G is known to be smooth, connected and 
commutative. Examples include abelian varieties, their universal vector 
extensions (in characteristic only) and certain semi-abelian varieties. 

The classes of anti-affine groups and of affine (or, equivalently, lin- 
ear) group schemes play complementary roles in the structure of group 
schemes over fields. Indeed, any connected group scheme G, of finite 
type over k, has a smallest normal subgroup scheme Gant such that the 
quotient G/G^nt is affine. Moreover, Gant is anti-affine and central in G 
(see |DG70j ). Also, G has a smallest normal connected affine subgroup 
scheme GaS such that G/G.^^ is an abelian variety (as follows from 
Chevalley's structure theorem, see |BLR90j ). This yields the Rosen- 
licht decomposition: G = Gafi Gant and Gag HGant contains (Gant)afr as 
an algebraic subgroup of finite index (see |Ro56] ). 

Affine group schemes have been extensively investigated, but lit- 
tle seems to be known about their anti-affine counterparts; they only 
appear implicitly in work of Rosenlicht and Serre (see |Ro58t IR06II 
ISe58aj ). Here we obtain some fundamental properties of anti-affine 
groups, and reduce their structure to that of abelian varieties. 

In Theorem 12.71 we classify anti-affine algebraic groups G over an 
arbitrary field k with separable closure kg- In positive characteristics, 
G is a semi-abelian variety, parametrized by a pair {A, A) where A is an 
abelian variety over k, and A is a sublattice of A{ks), stable under the 
action of the Galois group. The classification is a bit more complicated 
in characteristic 0: the parameters are then triples {A,A,V) where A 
and A are as above, and is a subspace of the Lie algebra of A. In 
both cases, A is the dual of the abelian variety G/Gi^g. 
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We illustrate this classification by describing the universal morphisms 
from anti-affine varieties to commutative algebraic groups, as intro- 
duced by Serre (see |Se58at [Se58bj ). 

Together with the Rosenlicht decomposition, our classification yields 
structure results for several classes of group schemes. As a first conse- 
quence, any connected commutative group scheme over a perfect field 
k is the almost direct product of an anti-affine group, a torus, and 
a connected unipotent group scheme (see Theorem 13.41 for a precise 
statement). 

In another direction, if the ground field k is finite, then any anti- 
affine group is an abelian variety. This gives back a remarkable result 
of Arima: any connected group scheme over a finite field has the de- 
composition G = Gaflf Gab where Gab is the largest abelian subvariety 
of G] moreover, Gafr H Gab is finite (see |Ar60l IR06I] ). 

Arima's result does not extend to (say) uncountable and algebraically 
closed fields, as there exist semi-abelian varieties that are anti-affine 
but non-complete. Yet we obtain a structure result for connected al- 
gebraic groups over perfect fields of positive characteristics, namely, 
the decomposition G = H S where H C Gag denotes the smallest nor- 
mal connected subgroup such that G^eIH is a torus, and S" C G is a 
semi-abelian subvariety; moreover, fl S* is finite (Theorem 13.71) . 

Our classification also has rather unexpected applications to Hilbert's 
fourteenth problem. In its algebro-geometric formulation, it asks if the 
coordinate ring of every quasi-affine variety is finitely generated (see 
[Za54j . and |Win03j for the equivalence with the invariant-theoretic 
formulation). The answer is known to be negative, the first counterex- 
ample being due to Rees (see }Re5 8]). Here we obtain many counterex- 
amples, namely, all G^-torsors associated to ample line bundles over 
anti-affine, non-complete algebraic groups (Theorem 13.91) . 

Some of the preceding statements bear a close analogy to known re- 
sults on complex Lie groups. Specifically, any connected complex Lie 
group G has a smallest closed normal subgroup Gtor such that the quo- 
tient G/Gtor is Stein. Moreover, Gtor is connected and central in G, 
and every holomorphic function on Gtor is constant. The latter prop- 
erty defines the class of toroidal complex Lie groups, also known as 
Cousin groups, or quasi-tori, or (H.C) groups. Toroidal groups may 
be parametrized by pairs (T, A) where T is a complex torus, and A is 
a sublattice of the dual torus. Any connected commutative complex 
Lie group admits a unique decomposition G = Gtor x (C*)"^ x C" (see 
the survey [AKOlj for these results). Yet this analogy is incomplete, 
as Chevalley's structure theorem admits no direct generalization to the 
setting of complex Lie groups. In fact, the maximal closed connected 
Stein subgroups of a connected Lie group need not be pairwise isomor- 
phic (see |AK01j again), or normal, or co-compact. 
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Returning to the algebraic setting, our structure results have appli- 
cations to homogeneous spaces, which will be developed elsewhere. A 
natural question asks for their generalizations to group schemes over 
(say) local artinian rings, or discrete valuation rings. 

Acknowledgements. Most of the results of this article were first pre- 
sented at the 2007 Algebra Summer School in Edmonton. I thank the 
organizers and the participants for their stimulating interest. Also, 
many thanks are due to Stephane Druel, Adrien Dubouloz, David 
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classification of anti-affine groups over algebraically closed fields is ob- 
tained. Subsequently, he extended this classification to arbitrary fields 
in |SS08] , jointly with Fernando Sancho de Salas. The approach of 
jSaOl, SSOSj differs from the present one, their key ingredient being 
the classification of certain torsors over anti-affine varieties. The ter- 
minology is also different: the variedades cuasi-abelianas of [SaOlj . or 
quasi-abelian varieties of [SSOSj, are called anti-affine groups here. I 
warmly thank Carlos Sancho de Salas for making me aware of his work, 
and for many interesting exchanges. 

Notation and conventions. Throughout this article, we denote by 
k a field with separable closure kg and algebraic closure k. The Galois 
group of kg over k is denoted by F^. A T^- lattice is a free abelian group 
of finite rank equipped with an action of T}.. 

By a scheme, we mean a scheme of finite type over k, unless oth- 
erwise specified; a point of a scheme will always mean a closed point. 
Morphisms of schemes are understood to be fc-morphisms, and prod- 
ucts are taken over k. A variety is a separated, geometrically integral 
scheme. 

We use |SGA3j as a general reference for group schemes. However, 
according to our conventions, any group scheme G is assumed to be 
of finite type over k. The group law of G is denoted multiplicatively, 
and cg stands for the neutral element of G{k), except for commutative 
groups where we use an additive notation. By an algebraic group, we 
mean a smooth group scheme G, possibly non-connected. An abelian 
variety is a connected and complete algebraic group. For these, we 
refer to |Mu70j . and to [Bo91j for affine algebraic groups. 

Given a connected group scheme G, we denote by Gaff the smallest 
normal connected affine subgroup scheme of G such that the quotient 
G/Gas is an abelian variety, and by 

(0.1) «G : G ^ G/Gaff =: A(G) 

the quotient homomorphism. The existence of Gaff is due to Chevalley 
in the setting of algebraic groups over algebraically closed fields; then 
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Gaff is an algebraic group as well, see |Ro56t IChGOj . Chevalley's result 
implies the existence of Gaff for any connected group scheme G, see 
[RiTOl Lem. IX.2.7] or |BLR90[ Thm. 9.2.1]. 
Also, we denote by 

(0.2) ifG-G ^ Spec 0{G) 

the canonical morphism, known as the affinization of G. Then ipc is 
the quotient homomorphism by Gant, the largest anti-affine subgroup 
scheme of G. Moreover, Gant is a connected algebraic subgroup of the 
centre of G (see |DG70l Sec. III.3.8] for these results). 

1. Basic properties 

1.1. Characterizations of anti-afRne groups. Recall that a group 
scheme G over k is affine if and only if G admits a faithful linear rep- 
resentation in a finite-dimensional vector space; this is also equivalent 
to the affineness of the /T-group scheme Gk '■= G for some field 

extension K/k. We now obtain analogous criteria for anti-affineness: 

Lemma 1.1. The following conditions are equivalent for a k-group 
scheme G: 

(i) G is anti-affine. 

(ii) Gk is anti-affine for some field extension K/k. 

(iii) Every finite- dimensional linear representation of G is trivial. 

(iv) Every action of G on a variety X containing a fixed point is trivial. 

Proof. (i)<S=^(ii) follows from the isomorphism 0{Gk) — C>{G) ®fc K. 

(i)<=^(iii) follows from the fact that every linear representation of G 
factors through the affine quotient group scheme G/Gant- 

Since (iv)^(iii) is obvious, it remains to show (iii)^(iv). Let x be 
a G-fixed point in X with local ring and maximal ideal m^^^. Then 
each quotient O^/vd'^ is a finite-dimensional fc- vector space on which G 
acts linearly, and hence trivially. Since fln'^" — {0}' i^ follows that G 
fixes Ox pointwise. Thus, G acts trivially on X. □ 

Remark 1.2. The preceding argument yields another criterion for 
affineness of a group scheme; namely, the existence of a faithful ac- 
tion on a variety having a fixed point. This was first observed by 
Matsumura (see |Ma63] ). 

Next, we show that the class of anti-affine groups is stable under 
products, extensions and quotients: 

Lemma 1.3. Let Gi, G2 be connected group schemes. Then: 

(i) Gi X G2 is anti-affine if and only if Gi and G2 are both anti-affine. 

(ii) Given an exact sequence of group schemes 

1 — > G\ — > G — > G2 — ^ 1, 
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if G is anti-affine, then so is G2- Conversely, if Gi and G2 are both 
anti-affine, then so is G. 

Proof, (i) follows from the isomorphism 0{Gi x G2) — 0{Gi)®kO{G2)- 
(ii) The isomorphism 0(6*2) — 0{G)^^ (the algebra of invariants 
under the action of Gi on 0{G) via left multiplication) yields the first 
assertion. 

If Gi is anti-affine, then its action on 0{G) is trivial (as 0{G) is a 
union of finite-dimensional fc-Gi-submodules, and Gi acts trivially on 
any such module by Lemma fLTj) . Thus, 0(^2) — 0{G) which imphes 
the second assertion. □ 

Anti-affineness is also stable under isogenics: 

Lemma 1.4. Let f : G H be an isogeny of connected commutative 
algebraic groups. Then G is anti-affine if and only if so is H . 

Proof. If G is anti-affine, then so is H by Lemma 11.31 (ii). For the 
converse, note that / induces an isogeny Gant I, where / is a 
subgroup scheme of H, and in turn an isogeny G/Gant H/I. As 
G/Gant is affine, so is H/I. But H/I is also anti-affine, and hence 
is trivial. Thus, / restricts to an isogeny Gant H. In particular, 
dim(Gant) = dim(if) = dim(G), whence Gant = G. □ 

1.2. Rigidity. In this subsection, we generalize some classical proper- 
ties of abelian varieties to the setting of anti-affine groups. Our results 
are implicit in |Ro56l ISe58aj ; we give full proofs for the sake of com- 
pleteness. 

Lemma 1.5. Let G be an anti-affine algebraic group, and H a con- 
nected group scheme. 

(i) Any morphism (of schemes) f : G ^ H such that /(eg) = ch 
is a homomorphism (of group schemes), and factors through //ant/ i'n 
particular, through the centre of H . 

(ii) The abelian group (for pointwise multiplication) of homomorphisms 
f : G ^ H is free of finite rank. 

Proof, (i) Consider the quotient homomorphism (10. ip 

aH:H^H/H,s=: A{H). 

By rigidity of abelian varieties (see e.g. |Co02l Lem. 2.2]), the com- 
position anf '■ G — i> A{H) is a homomorphism. Equivalently, the 
morphism 

F:GxG^H, ix,y)^ f (xy) f (x)-' f (y)-' 

factors through the affine subgroup scheme Hs.s- As G x G is anti- 
affine, and F{eG, cg) = ch, it follows that F factors through ch] thus, 
/ is a homomorphism. 
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The composition of / with the homomorphism (10. 2p 

'■ H ^ H/ i/ant 

is a homomorphism from G to an affine group scheme. Hence ipnf 
factors through en/H^nty ^^lat is, / factors through -ffant- 

(ii) We may assume that k is algebraically closed; then Gafr is a 
connected affine algebraic group. By [Con2l Lem. 2.3], it follows that 
any homomorphism f:G—>-H fits into a commutative square 

G H 



ac 



an 



A{G) A{H) 

where a{f) is a homomorphism. This yields a homomorphism 

a : Hom(G', H) — > Eom{A{G), A{H)), f i — > a{f). 

If <y{f) = 0, then / factors through i^aff? and hence is trivial. Thus, 
Hom(G', H) is identified to a subgroup of B.om{A{G), A{H)); the latter 
is free of finite rank by |Mu70l p. 176]. □ 

Next, we show that anti- affine groups are "divisible" (this property is 
the main ingredient of the classification of anti-affine groups in positive 
characteristics) : 

Lemma 1.6. Let G be an anti-affine algebraic group, and n a non- 
zero integer. Then the multiplication map no '■ G —>■ G, x \—>- nx is an 
isogeny. 

Proof. Let H denote the cokernel of no', then nn is trivial. Hence the 
abelian variety H/Hs,ff is trivial, i.e., H is affine. But H is anti-affine 
as a quotient of G, so that H is trivial. □ 

2. Structure 

2.1. Semi-abelian varieties. Throughout this section, we consider 
connected group schemes G equipped with an isomorphism 

a : G/Gaff A 

where A is a prescribed abelian variety. We then say that G is a group 
scheme over A. 

Our aim is to classify anti-affine groups over A, up to isomorphism 
of group schemes over A (in an obvious sense). We begin with the 
case where Gas is a torus, i.e., G is a semi-abelian variety. Then G is 
obtained as an extension of algebraic groups 

(2.1) 1 . T > G A > 

where T is a torus. Moreover, as T^^ := T ®k ks is split, we have a 
decomposition of quasi- coherent sheaves on A^^: 
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(2.2) a40Gj = ^C, 

AeA 

where A denotes the character group of T (so that A is a Ffc-lattice), 
and Cx consists of all eigenvectors of T^^ in Q;*((9GfcJ with weight A. 
Each Cx is an invertible sheaf on Ak^, algebraically equivalent to 0. 
Thus, Cx yields a fcs-rational point c(A) of the dual abelian variety . 
Moreover, the map 

(2.3) c:A^A^{ks), Ak^c(A) 

is a Ffc-equivariant homomorphism, which classifies the extension (12. ip 
up to isomorphism of extensions (as follows e.g. from [Se59l VII. 3. 16]). 
In other words, the extensions (12. ip are classified by the homomor- 
phisms , where T"^ denotes the Cartier dual of T. 

Proposition 2.1. (i) With the preceding notation, G is anti-affine if 
and only if c is injective. 

(ii) The isomorphism classes of anti-affine semi-abelian varieties over 
A correspond bijectively to the suh-T k-lattices of A'^{ks). 

Proof, (i) By the decomposition (12. 2p . we have 

0(G,J = H\A,^,a^{OGj) =Qh'{A,^Xx) 

AgA 

and of course H^^A^^, Cq) = O^A^J = kg. Thus, G is anti-affine if and 
only if H%Ak^,Cx) = for all A 7^ 0. 

On the other hand, H^{Ak^, C) = for any invertible sheaf C on A^.^ 
which is algebraically trivial but non-trivial. (Otherwise, = Oaj^{D) 
for some non-zero effective divisor D on A]^. We may find an integral 
curve C in that meets properly Supp(D). Then the pull-back of C 
to C has positive degree, contradicting the algebraic triviality of C). 

Thus, G is anti-affine if and only if Cx is non-trivial for any A 7^ 0. 

(ii) Given two injective and Ffc-equivariant homomorphisms 

€1,02: A — ^A^'iks), 

the corresponding anti-affine groups are isomorphic over A if and only 
if the corresponding extensions differ by an automorphism of T, i.e., 
there exists a Ffc-equivariant automorphism / of A such that C2 = Cif. 
This amounts to the equality Ci(A) = C2(A). □ 

In positive characteristics, the preceding construction yields all anti- 
affine groups: 

Proposition 2.2. Any anti-affine algebraic group over a field of char- 
acteristic p > (resp. over a finite field) is a semi-abelian variety 
(resp. an abelian variety). 
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Proof. The multiphcation map pc is an isogeny by Lemma ll.6[ In 
particular, the group G{k) contains only finitely many points of order p. 
Thus, every unipotent subgroup of is trivial. By [SGA31 Exp. XVII, 
Thm. 7.2.1], it follows that (G'fc)afr is a torus, i.e., is a semi-abelian 
variety. Hence G is a semi-abelian variety as well, see |BLR90l p. 178]. 

If k is finite (so that kg = k, then the group A^{ks) is the union of 
its subgroups A^{K), where K ranges over all finite subfields of kg that 
contain k. As a consequence, every point of A^{ks) has finite order. 
Hence any sublattice of A^{ks) is trivial. □ 

2.2. Vector extensions of abelian varieties. In this subsection, we 
assume that k has characteristic 0. Recall that every abelian vari- 
ety A has a universal vector extension E{A) by the /c- vector space 
H^[A,Oa)* regarded as an additive group. In other words, any ex- 
tension G of y4 by a vector group U fits into a unique commutative 
diagram 

> H^{A,OAy > E{A) > A ^ 

(2.4) 

> U > G ^ A ^ 

(see jRo58l[5e59irMM74] l Note that E{A)^s = H^A^Oa)*- 

Proposition 2.3. (i) E{A) is anti-affine. 

(ii) With the notation of the diagram ^2.4^ , G is anti-affine if and only 
if the classifying map 7 : H^{A, Oa)* ^ U is surjective. 

(iii) The anti-affine groups over A obtained as vector extensions are 
classified by the subspaces of the k-vector space H^{A, Oa)- 

Proof, (i) The affinization epimorphism (10. 2p 

^ = ^E{A) ■ E{A) -> V 

induces epimorphisms 

H\A, OaT ^W, A = E{A)/H\A, OaT V/W 

where is a subspace of V. The latter epimorphism must be trivial, 
and hence (f restricts to an epimorphism 

6 : H\A,OaT V- 

Moreover, is a vector group, and 6 is fc-linear. The extension given 
by the commutative diagram 

> H\A,Oa)* > E{A) y A > 

S id 

^ V > H ^ A ^ 



id 
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is split, as the map —(p+id : E{A) xV ^ V factors through a retraction 
of H onto V. Since E{A) is the universal extension, it follows that 
6 = 0, i.e., V" = 0. 

(ii) The group G is the quotient of E{A) x U hj the diagonal image 
oiH^{A, Oa)*. Since 0{E{A)) = k, it follows that 0{G) is the algebra 
of invariants of 0{U) under H^{A,Oa)* acting by translations via 7. 
This implies the assertion. 

(iii) follows from (ii) by assigning to 7 the image of the transpose 
map : U* ^ H\A,Oa). □ 

Remark 2.4. In the preceding statement, the assumption of charac- 
teristic cannot be omitted in view of Proposition 12.21 This may also 
be seen directly as follows. If k has characteristic p > 0, any vector 
extension 0—>-U^G—>-A^O splits after pull-back under the mul- 
tiplication map Pa '■ A A (since pa is an isogeny, and pu = 0)- This 
yields an isogeny U x A G. Thus, G cannot be anti-affine in view 
of Lemma II. 4[ 

2.3. Classification of anti-afRne groups. To complete this classifi- 
cation, we may assume that k has characteristic 0, in view of Proposi- 
tion O 

Let G be an anti-affine algebraic group. Then Gag is a connected 
commutative algebraic group, and hence admits a unique decomposi- 
tion 

(2.5) Gaff = T X f/ 

where T is a torus, and U is connected and unipotent; U has then 
a unique structure of fc- vector space. Thus, G/U is a semi-abelian 
variety (extension of A by T) and G/T is a vector extension of A by U. 
Moreover, the quotient homomorphisms pf/ : G ^ G/U, pr '■ G ^ G/T 
fit into a cartesian square 

G G/U 



(2.6) PT 



<^G/U 



G/T A 

where ac/u (resp. og/t) is the quotient by T (resp. U). Moreover, a = 
C(g/tPt = ctG/uPu- This yields a canonical isomorphism of algebraic 
groups over A: 

(2.7) G G/U xaG/T. 

Proposition 2.5. With the preceding notation, G is anti-affine if and 
only if G/U and G/T are both anti-affine. 

Proof. If G is anti-affine, then so are its quotient groups G/U and G/T. 

For the converse, we may assume that k is algebraically closed in view 
of Lemma 11.11 Note that the diagram (12. 6p yields an isomorphism of 
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quasi- coherent sheaves on A: 

(2.8) a^iOc) ^ OLGivA^Giv) ®Oa ccgitA^git)- 

Moreover, we have a decomposition 

AeA 

as in (I22D, where £o = Oa while E^{A,Lx) = for any A ^ 0. 
On the other hand, the quasi-coherent sheaf (yG/T,*{OG/T) admits an 
increasing filtration with subquotients isomorphic to Oa, by the next 
lemma applied to the [/-torsor ac/x '■ G/T A. It follows that 

H''{A,Cx «g/t,*(Og/t)) = 
for any A 7^ 0. Thus, 

0{G) = H\A,a.{OG))^®H\A,Cx ®Oa «G/r,*(OG/T)) 

AeA 

= H\A,aG/TAOG/T)) = 0{G/T) = k. 

□ 

Lemma 2.6. Let it : X ^ Y be a torsor under a non-trivial connected 
unipotent algebraic group U. Then the quasi- coherent sheaf 7t^,{Ox) 
admits an infinite increasing filtration with subquotients isomorphic 
to Oy. 

Proof. We claim that there is an isomorphism of quasi- coherent sheaves 
over Y: 

Here the right-hand side denotes the subsheaf of ^/-invariants in the 
quasi- coherent sheaf n^(^Ox ®k C^{U)), where U acts via its natural 
action on Ox and its action on 0{U) by left multiplication. 

The assertion of the lemma follows from that claim, as the [/-module 
0{U) admits an infinite increasing filtration with trivial subquotients. 

To prove the claim, we first construct a natural isomorphism 

UM : M {M®kO{U))^ 

for any [/-module M. Indeed, the right-hand side may be regarded as 
the space of [/-equivariant morphisms f : U ^ M. Any such morphism 
is of the form fm '■ u ^ u ■ m for a unique m G M, namely, m = f{eu). 
We then set UMijn) '■= fm- 

Next, if the [/-module M is also a fc-algebra where U acts by alge- 
bra automorphisms, then Um is an isomorphism of M^-algebras, where 
the algebra of invariants acts on (M 0{U))^ via multiplica- 
tion on M. Moreover, um commutes with localization by elements of 
. Thus, the isomorphisms uo{n-^{Yi)), where (Yi)i^i is an affine open 
covering of Y, may be glued to yield the desired isomorphism. □ 
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Combining the results of Propositions I2.2ll2.3l and l2.5l we obtain the 
following classification: 

Theorem 2.7. (i) In positive characteristics, the isomorphism classes 
of anti-affine groups over an abelian variety A correspond bijectively to 
the suh-T ^.-lattices A C A^{ks). 

(ii) In characteristic 0, the isomorphism classes of anti-affine groups 
over A correspond bijectively to the pairs (A, V), where A is as in (i), 
and V is a subspace of H^{A,OA)■ 
TiemsLr]^ 2.8. (i) The preceding classification may be formulated in 
terms of the dual variety only, as H^{A, Oa) is naturally isomorphic 
to the tangent space Tq{A^) (the Lie algebra of A^)] see e.g. |Mu70l 
p. 130]. 

(ii) To classify the anti-affine groups G without prescribing an isomor- 
phism G/Ggs ~ A, it suffices to replace the sublattices A (resp. the 
pairs (A, V)) with their isomorphism classes under the natural action 
of the automorphism group Aut(y4) of the abelian variety A (resp. of 
the natural action of Aut(A) x Aut(yl) on pairs). 

2.4. Universal morphisms. Throughout this subsection, we assume 
that the ground field k is perfect. We investigate morphisms from a 
prescribed variety to anti-affine algebraic groups, by adapting results 
and methods of Serre (see |Se58al ISe58b] ). 

Consider a variety X equipped with a /c-rational point x. Then there 
exists a universal morphism to a semi-abelian variety 

ax,x ■ X — > S, X I — > es- 

Indeed, this is a special case of |Se58at Thm. 7] when k is algebraically 
closed, and the case of a perfect field follows by Galois descent as 
in |Se59t Sec. V.4] (see [WitOGl Thm. A.l] for a generalization to an 
arbitrary field). 

We say that (Tx,x is the generalized Albanese morphism of the pointed 
variety (X, x), and 5* = Sx is the generalized Albanese variety, which 
indeed depends only on X. The formation of ax,x commutes with base 
change to perfect field extensions. 

Recalling the extension of algebraic groups (12. ip 

1 > T > S A > 0, 

the composite morphism 

Cix,x ■= Oiscrx,x ■ X — > A = Ax 

is the Albanese morphism of X, i.e., the universal morphism to an 
abelian variety that maps x to the origin. 
We note that the pull-back map 

ax^^ : A^{k) C Pic(A) — > Pic(X) 
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is independent of the choice of x G X{k) (indeed, any two Albanese 
morphisms differ by a translation by a fc-rational point of A, and the 
translation action of A on is trivial); we denote that map by ax- 
Likewise, the analogous map H^{A, Oa) H^{X, Ox) is independent 
of X. 

We also record the following observation: 

Lemma 2.9. Let X he a complete variety equipped with a k-rational 
point. Then the pull-hack maps A^ {k) Pic(X) and H^{A,Oa) — > 
H^{X,Ox) are hoth injective. 

Proof. This follows from general results on the Picard functor (see 
|BLR90l Chap. 8]); we provide a direct argument. We may assume 
that k is algebraically closed. Let L G y4^(/c) such that ax{L) = 0. 
Consider the corresponding extension 

(2.9) 1 , G„ y G A > 

as a Gm-torsor over A. Then the pull-back of this torsor under ax,x 
is trivial, that is, the projection X G ^ X has a section. Thus, 
ax,x lifts to a morphism j : X ^ G and hence to a morphism X ^ H 
where H C G denotes the algebraic subgroup generated by the image 
of 7. Since X is complete, H is an abelian variety (as follows e.g. 
from jSGA3l Exp. VIB, Prop. 7.1]). Thus, a restricts to an isogeny 
f3 : H A. By the universal property of the Albanese morphism, it 
follows that (3 is an isomorphism. Thus, the extension (12.91) is split; in 
other words, L is trivial. 

Likewise, given u G H^{A, Oa) such that a*x{u) = 0, one checks that 
■u = by considering the associated extension 

— >Ga — >G — >A — >0. 

□ 

We now obtain a criterion for anti-affineness of the generalized Al- 
banese variety: 

Proposition 2.10. Given a pointed variety {X, x), the associated semi- 
ahelian variety S = Sx is anti-affine if and only if 0{Xi)* = k* . 

Under that assumption, S is classified hy the pair {A, A), where A is 
the Alhanese variety of X , and A is the kernel of the pull-hack map 

a*x:A\k)-^Vic{X-,). 

In particular, this kernel is a T^-lattice. 

Proof. Denote hy ip : S ^ S/Sg,nt the affinization morphism (10.21) . 
Then S/S^nt is affine and semi-abelian, hence a torus. Clearly, the 
composite ^p(Jx,x is the universal morphism from X to a torus, that 
maps X to the neutral element. 
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Given a r^-lattice M, the morphisms from X to the dual torus 
correspond bijectively to the r^-equivariant homomorphisms M 
0{Xi)* . Moreover, the exact sequence of Ffc-modules 

1 — >k* — > C(Xfc)* — > 0{Xj,y/k* — y 1 

is spht by the evaluation map at x G X{k), and 0{Xi^)*/k* is a r^- 
lattice. Thus, the morphisms of pointed varieties 

(X,x)^(M\eMv) 

correspond bijectively to the r^-equivariant homomorphisms 

M — > 0{Xi)*/k*. 

In particular, there is a universal such morphism, to the dual torus of 
the lattice 0{Xj.)* /k* . This yields the first assertion. 

Assuming that 0{Xj,)* = k*, consider a sub-Ffc-lattice M C A^{k) 
and the corresponding extension 

1 > > G > A > 0. 

We regard G as a M^-torsor over A. Then the morphisms j : X —>■ G 
that lift the Albanese morphism ax,x '■ X A are identified to the 
sections of the pull-back ikf^-torsor X S* — *• X, as in the proof of 
Lemma [2. 9[ Such sections exist if and only if the pull-back map M — »• 
Pic(X^) is trivial; moreover, any two sections differ by a morphism 
X —>■ T, i.e. by a fc-rational point of T. Thus, there exists a unique 
section such that the associated morphism 7 maps x to e^. 

As a consequence, the liftings of ax,x to semi-abelian varieties over 
A are classified by the sub-Ffc-lattices of A := ker(a3f)- We now show 
that A is a Ffc-lattice, thereby completing the proof. For this, we may 
assume that k is algebraically closed. 

If X is complete, then A is trivial by Lemma 12.91 In the general 
case, let 2 : X ^ X be an open immersion into a complete variety. 
We may assume that ax,x extends to a morphism '■ X A; then 
is the Albanese morphism of {X,i{x)). Since is injective, A is 
identified to a subgroup of the kernel of 

i* : Pic(X) ^ Pic(X). 

But ker(z*) is the group of Cartier divisors with support in X \ X, as 
0{X)* = k*. In particular, the abelian group ker(z*) is free of finite 
rank, and hence so is A. □ 

By another result of Serre (see [Se58a l Thm. 8]), a pointed variety 
(X, x) admits a universal morphism to a commutative algebraic group, 

7x,x : X — > G, X I — > ec 

if and only if 0{X) = k, that is, X is anti-affine. Then G is also 
anti-affine, as this group is generated over k by the image of X. In 
positive characteristics, the universal group G is just the generalized 
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Albanese variety, by Proposition 12.21 In characteristic 0, this group 
may be described as follows: 

Proposition 2.11. Let {X,x) be a pointed anti-ajfine variety over a 
field k of characteristic and let G he the associated anti-affine group. 
Then G is classified by the triple {A, A, V) where A and A are as in 
the preceding proposition, and V is the kernel of the pull-back map 
a\: H\A,Oa) ^ H\X,Ox). 

The proof is analogous to that of Proposition 12.101 taking into ac- 
count the isomorphism (12. 7p and the structure of anti-affine vector 
extensions of A. 

Remarks 2.12. (i) The associated data A, A, V may be described ex- 
plicitly in terms of completions, for smooth varieties in characteristic 
0. Namely, given such a variety X, there exists an open immersion 
i : X ^ X where X is a smooth complete variety. Then Pic'^(X) is an 
abelian variety with dual the Albanese variety Ax = A-^. 

If C(Xfc)* = k*, then the Ffc-lattice A of Proposition l2.10l is the group 
of divisors supported in X\X and algebraically equivalent to 0, by the 
arguments in }Se58bt Sec. 1]. 

Under the (stronger) assumption that 0{X) = k, the subspace V C 
H'^{A,Oa) of Proposition EHU equals 

H^^^(X,Ox) = H\XMOx)/Ox). 

as follows from similar arguments. 

(ii) Dually, one may also consider morphisms from varieties, or schemes, 
to a prescribed anti-affine group G. In fact, such a group admits a mod- 
ular interpretation, which generalizes the duality of abelian varieties. 

To state it, recall that any abelian variety A classifies the invert- 
ible sheaves on A^ , algebraically equivalent to and equipped with a 
rigidification along the zero section. 

The universal extension E{A) has also a modular interpretation: it 
classifies the algebraically trivial invertible sheaves on A^ , equipped 
with a rigidification along the first infinitesimal neighbourhood To(A^) 
(see |MM74[ Prop. 2.6.7]). 

It follows that the algebraically trivial invertible sheaves on A^, 
equipped with rigidifications along a basis of the lattice A and along the 
subspace V C Tq[A^), are classified by an anti-affine algebraic group 
over A with data (A, V). 

3. Some consequences 

3.1. The Rosenlicht decomposition. We first obtain a variant of a 
structure theorem for algebraic groups due to Rosenlicht (see |Ro56l 
Cor. 5, p. 440]), in the setting of group schemes. 
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Proposition 3.1. Let G be a connected group scheme over a field k. 
Then: 

(i) The group law of G yields an exact sequence of group schemes 

(3.1) 1 > GafT n Gant ^ Caff X Gant ^ G > 1. 

In other words, we have the decomposition G = G^s Cant ■ 

(ii) The connected subgroup scheme (Gant)aff C Gant is an algebraic 
group, contained in Gag; moreover, the quotient (Gaff H Gant)/(G'ant)aff 
is finite. 

(ill) The quotient group scheme G' := G/ (Gant)aff has the decomposi- 
tion G' = G^|3 G^fj where G'^j^ = Gant/(Gant)aff is the largest abelian 
subvariety of G' , and G'^g = Gaff/(Gant)aff ■ 

(iv) Any subgroup scheme H G G such that G = G^s H contains Gant ■ 

Proof, (i) Since Gaff is a normal subgroup scheme of G, and Gant is 
contained in the centre of G, we see that the multiplication map Gaff X 
Gant — »• G is a homomorphism with kernel isomorphic to Gaff fl Gant! the 
image Gaff Gant is a normal subgroup scheme of G by [SGA~3] Exp. VIA 
5.3, 5.4]. The quotient G/ (Gaff Gant) is affine, as a quotient of G/Gant; 
but it is also an abelian variety, as a quotient of G/Gaff. Thus, this 
quotient is trivial. 

(ii) The smoothness of (Gant)aff follows from Proposition 12. 2[ By 
rigidity (see e.g. |Co02l Lem. 2.2]), every homomorphism from (Gant)aff 
to an abelian variety is trivial. As a consequence, (Gant)aff C Gaff. 

The scheme (Gaff n Gant)/ (Gant )aff is affine (as a quotient of a sub- 
group scheme of Gaff) and proper (as a subgroup scheme of the abelian 
variety Gant /( Gant )aff)- Hence this scheme is finite. 

(iii) follows readily from (i) and (ii). 

''aff 



fiv) Note that G = G„ffH^, as G is connected. Thus, 



— tJaff -Haff -"ant 

and H^^^ C Gant! in particular, H^^^ is contained in the centre of G. 
On the other hand. Gaff -f^aff is affine, so that 

G/Hl, ^ (Gaff Hl^)/{Hl, n (Gaff Hl^)) 

is affine as well. Since the quotient homomorphism G G/G^nt is the 
affinization, it follows that H^^^ contains Gant- D 

Next, we consider the functorial properties of the Rosenlicht de- 
composition. By the results of |DG70l III. 3. 8], the formation of Gant 
commutes with base change to arbitrary field extensions, and with ho- 
momorphisms of group schemes. Also, note that the homomorphism 
(10. 2p (fG '■ G ^ SpecO(G) = G/Gant depends only on G regarded 
as a scheme. In particular, Gant depends only on the pointed scheme 
{G,eG). 
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These properties are also satisfied by Gaff under additional assump- 
tions. Specifically, if G is a connected algebraic group over a perfect 
field k, then G^s is the largest connected affine algebraic subgroup of 
G; the formation of Gaff commutes with base change to any perfect field 
extension of k and with homomorphisms of algebraic groups (see |Co02j 
for these results). The quotient homomorphism ac : G — > G/G^s is 
the Albanese morphism of the pair (G, cg). In particular, Gaff depends 
only on the pointed variety (G, cg). 

The assumption that k is perfect cannot be omitted in view of the 
following example, obtained by a construction of Raynaud (see |SGA3 
Exp. XVII, App. Ill, Prop. 5.1]): 

Example 3.2. Let A; be a non-perfect field of characteristic p > 
and choose a finite, non-trivial field extension K/k such that C k. 
Given a non-trivial abelian variety A over k, let '■= A K (a 
non-trivial abelian variety over K) and 

G := UK/kiAx) 

where 11^/^ denotes the Weil restriction; in other words, G is the unique 
/c-scheme such that 

(3.2) G{R) = AKiR^kK) 

for any /c-algebra R. Then G is a commutative connected algebraic 
/c-group, as follows e.g. from the results of |Oe84l A. 2] that we shall 
use freely. 

We claim that 

(3.3) Gk = U X Ak 

where f/ is a connected unipotent algebraic i^-group; in particular, 
(Gi^)aff = U and (Gx)ant = Ak- Moreover, Gant = A but Gag is not 
smooth, and (Gaff)^ ^ (Gi^)aff. 

Indeed, for any i^-algebra R, we have 

Gk{R) = G{R) = Ak {R 0k {K ®k K)) 

and K is a. finite-dimensional K-algebra. The multiplication map 
^ : K ®k K ^ K yields an exact sequence 

and the ideal m is nilpotent, as (x (8) 1 — 1 C?> xY = for any x E K. 
This yields a functorial morphism Gk{R) — ^ Ak{R) and, in turn, an 
extension of i^'-group schemes 

(3.4) 1 , U > Gk Ak > 

where U has a filtration with subquotients isomorphic to the Lie algebra 
of Ak- In particular, U is smooth, connected and unipotent. Moreover, 
a is the Albanese morphism of (G^, ^Gk)- 
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For any fc-scheme S, the map G{S) Ak{Sk) that sends any / : 
S ^ G to afx '■ Sk — > is bijective. This yields a morphism 
j3 : A ^ G such that a (3k is the identity map of A^- It follows that (3 
is a closed immersion of group schemes; we shall identify A with /5(A), 
and likewise Ak with [3k{Ak). As (3k splits the extension (13.41) . this 
yields the decomposition (13. 3p . 

As a consequence, Cant = A and hence G = G^s A. Also, Gafr is 
not smooth; indeed, any morphism from a connected affine algebraic 
group to G is constant, as follows from the equality (13. 2p together with 
[Co02l Lem. 2.3]. Thus, the finite group scheme GaS H A is non-trivial: 
otherwise, G ~ Gaff x A, so that Gaff would be smooth. In particular, 

(Gaff)_ft' U = (Gaff)_ft:. 

In particular, G/G^s is the quotient of A by a non-trivial subgroup 
scheme. On the other hand, the quotient map ac '■ G ^ G/G^s is eas- 
ily seen to be the Albanese morphism of (G, cg) considered in |Wit06] . 
Thus, the formation of the Albanese morphism does not commute with 
arbitrary field extensions. 

3.2. Structure of connected commutative algebraic groups. We 

first obtain a simple characterization of non-affine group schemes that 
are minimal for this property: 

Proposition 3.3. The following conditions are equivalent for a non- 
trivial group scheme G: 

(i) G is non-affine and every subgroup scheme H d G , H ^ G is affine. 

(ii) G is anti-affine and has no non-trivial anti-affine subgroup. 

(iii) G is anti-affine and the abelian variety A{G) = G/G^s is simple. 

If one of these conditions holds, then either G is an abelian variety 
or G contains no complete subvariety of positive dimension. 

Proof, (i)-v^(ii) follows easily from the fact that a group scheme H is 
affine if and only if H^^^ is trivial. 

(ii) ^(iii) Assume that A{G) contains a non-trivial abelian variety B, 
and denote by H the pull-back of -B in G. Then i^ant is a non-trivial 
subgroup of G, a contradiction. 

(iii) =»(ii) Let H be an anti-affine subgroup of G. Then i^aff C Gaff, 
as Gaff is the largest connected affine subgroup of G; hence A{H) is 
identified with a subgroup of A{G). Thus, either A{H) is trivial so 
that H is affine, or A{H) = A{G) so that Gag H = G. In the latter 
case, if = G by Proposition 13. 1[ 

Under one of these conditions, consider the algebraic subgroup H C 
G generated by a complete subvariety of G. Then H is complete as 
well (see e.g. |S(;A31 Exp. VIB, Prop. 7.1]); thus, either H = G or H 
is trivial. □ 

Next, we obtain a decomposition of connected commutative group 
schemes over perfect fields: 
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Theorem 3.4. Let G be a connected commutative group scheme over 
a perfect field k. Then there exist a subtorus T (Z G and a connected 
unipotent subgroup scheme U <Z G such that the group law ofG induces 
an isogeny 

(3.5) / : Gant X T X f/ ^ G. 

Moreover, T is unique up to isogeny, and U is unique up to isomor- 
phism; if G is an algebraic group, then so is U. 

Proof. The Rosenhcht decomposition yields an exact sequence of group 
schemes 

1 ^ Caflf n Gant ^ Caff > G/ Cant ^ 1 • 

Moreover, we have unique decompositions Gaff = T' xU' and G /Gsj^t = 
T"xU", where T', T" are tori and U' , U" are connected unipotent group 
schemes. This yields epimorphisms ips '■ T' —>■ T", ipu '■ U' U" . Thus, 
we may find a subtorus T G T' such that ips restricts to an isogeny 

If k has characteristic 0, we may also find a (connected) unipotent 
subgroup U dU' such that ipu restricts to an isomorphism U — > U" , as 
U' and U" are vector groups. Then the homomorphism / induces an 
isogeny T x U G/Gant- Thus, / is an isogeny, and T, U are unique 
up to isogeny; hence the vector group U is uniquely determined. 

In positive characteristics. Gaff flGant contains the torus (Gant)aff and 
the quotient is finite; hence ipu is an isogeny. Thus, our statement holds 
with U = U', but for no other choice of U. □ 

The assumption that k is perfect cannot be omitted in the preceding 
result, as shown by Example 13.21 

3.3. Further decompositions in positive characteristics. In this 
subsection, we combine the Rosenlicht decomposition with the partic- 
ularly simple structure of anti-affine algebraic groups in positive char- 
acteristics, to obtain information on general algebraic groups. 

We begin with the case where the field k is finite. Then Propositions 
12.21 and 13.11 immediately imply the following result, due to Arima in 
the setting of algebraic groups (see [ArGOl Thm. 1] and also [RoGll 
Thm. 4]): 

Proposition 3.5. LetG be a connected group scheme over a finite field 
k. Then G = Gaff Gab where Gab denotes the largest abelian subvariety 
ofG. Moreover, Gaff H Gab is finite. 

In particular, the Albanese morphism of (G, cg) is trivialized by the 
finite cover Gaff x Gab — ^ G (possibly non-etale). 

Returning to a possibly infinite field k, we record the following pre- 
liminary result: 
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Lemma 3.6. Let G be a connected algebraic group over a perfect field 
k. Then: 

(i) There exists a smallest normal connected algebraic group H G G 
such that G/H is a semi-abelian variety. The quotient homomorphism 
G ^ G/H is the generalized Albanese morphism of the pointed variety 



where -Rn(G'afr) denotes the unipotent radical of G^s, O'nd [G, G] the 
derived group. 

(iii) The formation of H commutes with perfect field extensions. 

(iv) The group is generated by all connected unipotent subgroups 



Proof. By the Rosenlicht decomposition, we have [G,G\ = [Gaff , Cafr] • 
Define H by the equahty (13. 6p ; then if is a connected normal subgroup 
of G. Moreover, the quotient G^s/H is a connected commutative re- 
ductive group, i.e., a torus. Thus, G/H is a semi-abehan variety. 

Consider a morphism f : G ^ S, where 5* is a semi-abehan variety, 
and f{es) = cg- Then / is a homomorphism by |Ro61l Thm. 3]. 
Hence / factors through G/Ru{Gs_fi) (as every unipotent subgroup of 
S is trivial) and also through G/[G, G] (as S is commutative). Thus, / 
factors through G/H. This proves (i) and (ii), while (iii) and (iv) are 
obtained by similar arguments. □ 

Under the assumptions of the preceding lemma, we say that H is 
geometrically unipotently generated, and write H := Ggug. 

Also, given a group scheme G, a normal subgroup scheme H G G 
and a subgroup scheme C G, we say that S" is a quasi- complement to 
H in G if G = H S and H (1 S is finite; equivalently, the natural map 
S ^ G/H is an isogeny. We may now state our structure result: 

Theorem 3.7. Let G be a connected algebraic group over a perfect field 
k of positive characteristic and let T be a maximal torus of the radical 
i?(Gaff). Then: 

(i) T is a quasi- complement to Ggug in Gaff. 

(ii) 5* := TGant is a quasi- complement to Ggug in G, and is a semi- 
abelian subvariety of G with maximal torus T. 

(iii) The generalized Albanese morphism of (G, cg) is trivialized by the 
finite cover Ggug x S ^ G. 

Proof, (i) By the structure of affine algebraic groups (see |Bo91] ) and 
the equality (13.61) . we have 

Caff = -R(Gaff) [Gaff, Gaff] = -Rw(Gaff) T [Gaff, Gaff] 




H = -Ru(Gaff) [G, G] = -Ru(Gaff) [Gaff, Gaff] 



ofG-,. 



Ru{Ga,s) [Gaff, Gaff] T — Ggug T. 
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We now show the finiteness of Ggug H T. For this, we may assume that 
G is affine. Since the homomorphism 

Ggug n T ^ (Ggug n RiG))/RuiG) c 

is finite, we may also assume G to be reductive. Then Ggug = [G, G] is 
semi-simple and T is the largest central torus, so that their intersection 
is indeed finite. 

(ii) By the Rosenlicht decomposition and (i), G = Ggug 5*. Also, the 
quotient (Ggug H S")/ (Ggug H T) is finite, since Ggug fl S' is affine and 
T = S'aff. Thus, Ggug n S* is finite, i.e., is a quasi- complement to Ggug 
in G. 

We know that Gant is a semi-abelian variety contained in the centre 
of G. Thus, S* is a semi-abelian variety as well. Moreover, the max- 
imal torus (Gant)afr of Gant IS a Central subtorus of Gafr, and hence is 
contained in T. Thus, T is the maximal torus of 5*. 

(iii) follows readily from (ii). □ 

Remarks 3.8. (i) The quasi-complements constructed in the preceding 
theorem are all conjugate under i?„(GafT). But Ggug may admit other 
quasi-complements in G; namely, all subgroups T'Gant where T' is 
a quasi-complement of Ggug in Gafr- Such a subtorus T' need not be 
contained in R{Gs.s), e.g., when G^a is reductive and non-commutative. 

(ii) With the notation and assumptions of the preceding theorem, Gant 
also admits quasi-complements in G, namely, the subgroups T'Ggug 
where T' is a quasi-complement to (Gant)afr in T. 

In contrast, G^s may admit no quasi-complement in G. Indeed, 
such a quasi-complement S comes with a finite surjective morphism 
to G/Gg,Q, and hence is an abelian variety. Thus, S exists if and only 
if Gant is an abelian variety, and then 5* = Gant- Equivalently, G = 
Gaflf Gab as in Proposition 13.51 

(iii) In characteristic 0, the group Ggug still admits quasi-complements 
in Gaflf, but may admit no quasi-complement in G. 

For example, let G be an elliptic curve, E{C) its universal extension, 
H the Heisenberg group of upper triangular 3x3 matrices with diagonal 
entries 1, and G = {H x E{C))/Ga where the additive group Ga is 
embedded in H as the center, and in E{C) as E{C)aS- Then G is a 
connected algebraic group; moreover, Ggug = Gaff = H and Gant — 
E{C). Since Gant is non-complete, there exist no quasi-complement to 
Gaff in G. 

The same example shows that Gant may admit no quasi-complement 
in G. Yet such a quasi-complement does exist when G is commutative, 
by Theorem 13. 4[ 

3.4. Counterexamples to Hilbert's fourteenth problem. In this 
subsection, we construct a class of smooth quasi-affine varieties having 
a non-noetherian coordinate ring. 
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Recall that every connected algebraic group G is quasi-projective, 
i.e., G admits an ample invertible sheaf C (see e.g. |Ra70i Cor. V 3.14]). 
Clearly, the associated G^-torsor over G (that is, the complement of 
the zero section in the total space of the associated line bundle V(£)) 
is a smooth quasi-affine variety. This simple construction yields our 
examples: 

Theorem 3.9. Let n : X G denote the Gm-torsor associated to an 
ample invertible sheaf C on a non-complete anti-affine algebraic group. 
Then the ring 0{X) is not noetherian. 

Proof. As X = Specc,je„g^£"), we have 0{X) = ®^^^H%G,C-). 
Moreover, H^{G,Og) = k hj assumption, and the fc- vector space 
H^iG^L"^) is infinite-dimensional for any n > by the next lemma. 
Since 0{X) is a domain, it follows that H^{G, £") = for any n < 0, 
i.e., the algebra 0{X) is positively graded. Clearly, this algebra is not 
finitely generated, and hence non-noetherian by the graded version of 
Nakayama's lemma. □ 

Lemma 3.10. Let C be an ample invertible sheaf on an anti-affine alge- 
braic group G. If G is non-complete, then the k-vector space H^{G,C) 
is infinite- dimensional. 

Proof. We may assume that k is algebraically closed. The quotient 
homomorphism a = ac '■ G —>■ A{G) =: A is a torsor under the 
connected commutative affine algebraic group Gafr- Since the Picard 
group of Gaff is trivial, it follows that C = a*{A4) for some invertible 
sheaf Ai on A. Moreover, Ad is ample by the ampleness of C together 
with jRlTOl Lem. XI 1.11.1]. We have 

(3.7) iy°(G,/:) ~i^°(A-M®a,(OG))• 

In the case where G is a semi-abelian variety. Equations ( 12. 2p and 
(13. 7p yield the decomposition 

H%G, £) ^ i/°(A M(S)Cx). 
aga 

As each Cx is algebraically trivial, M^C\is ample, and hence admits 
non-zero global sections (see |Mu70l p. 163]); this yields our statement 
in this case. 

In the general case, we may assume in view of Proposition 12.21 and 
the isomorphism (12.81) that k has characteristic 0, and GaS is a non- 
zero vector space U. Then A4 ® a^lOa) admits an infinite increasing 
filtration with subquotients isomorphic to Ai, by Lemma 12.61 Since 
H\A,M) = (see puTOl p. 150]), it follows that H%G,C) ad- 
mits an infinite increasing filtration with subquotients isomorphic to 
H^{A, At), a non-zero vector space. □ 
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Example 3.11. The smallest examples arising from the preceding con- 
struction are threefolds; they may be described as follows. 

Consider an invertible sheaf L of positive degree on an elliptic curve 
C . If k has characteristic 0, let vr : G ^ C denote the G^-torsor asso- 
ciated to the canonical generator of H^{C,Oc) — H^{C,Oc)* ■ Then 
G is the universal extension E{C), and the G^-torsor on G associated 
to the ample invertible sheaf vr*(£) yields the desired example X. 

When k = C, the analytic manifolds associated to G and X are both 
Stein; see |Ne88] which also contains an analytic proof of the fact that 
0{X) is not finitely generated. More generally, the universal extension 
E{A) of a complex abelian variety of dimension g is analytically iso- 
morphic to (C*)^^, see e.g. |Ne88[ Rem. 7.7]. In particular, the complex 
manifold associated to E{A) is Stein. 

Returning to a field k of arbitrary characteristics, assume that the 
elliptic curve G has a fc-rational point x of infinite order (such curves 
exist if k contains either Q or Fp(t), see |ST67] ). Denote by Ai the 
invertible sheaf on G associated to the divisor (x) — (0). Then Ai is alge- 
braically trivial and has infinite order. Thus, G := Spec0^(0^gg 
is an anti-affine semi-abelian variety, and 

is the desired example. 

It should be noted that 0{X) is finitely generated for any smooth 
surface X, as shown by Zariski (see |Za54j ). Also, Kuroda has con- 
structed counterexamples to Hilbert's original problem, in dimension 3 
and characteristic (see jKuOSj ). 

Another consequence of Lemma 13.101 is the following: 

Proposition 3.12. For any completion G of a connected algebraic 
group G, the boundary G\G is either empty or of codimension 1. 

Proof. We argue by contradiction, and assume that G \ G is non-empty 
of codimension > 2. We may further assume that G is normal; then the 
map i* : 0{G) —>■ 0{G) is an isomorphism, where i : G —>■ G denotes 
the inclusion. It follows that G is anti-affine and non-complete. 

Choose an ample invertible sheaf C on G. Then i^:{C) is the sheaf 
of sections of some Weil divisor on G; in particular, this sheaf is co- 
herent. Thus, the /c-vector space H^{G,i^{C)) = H^{G,C) is finite- 
dimensional, contradicting Lemma F3.1U[ □ 

Remark 3.13. With the assumptions of the preceding proposition, 
one may show (by completely different methods) that the boundary 
has pure codimension 1. For a G-equivariant completion G (that is, 
the action of G on itself by left multiplication extends to G), this 
follows easily from |Br07l Thm. 3]. Namely, we may assume that k 
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is algebraically closed and G is normal; then G ^ G x Gag, and 
Caflf \ Gaff has pure codimension 1 in Gaff, as Gas is affine. 
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